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We consider nonlinear dynamical systems with chaotic and hyperchaotic behaviour. We investigate
the behaviour of the Hurst exponent at the transition from chaos to hyperchaos. A two-dimensional

coupled logistic map is studied.
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The application of fracta methods [1-6] alows
us to explore the chaotic nature of time series. The
methods used are (i) the time delay method [embed-
ding dimension E, attractor (fractal) dimension D],
(i) Hurst's rescaled range analysis [Hurst exponent H,
attractor (fractal) dimension D], (iii) Ljapunov expo-
nents Aj (entropy S), (iv) fractal dimensions (capacity,
Hausdorff dimension, similarity dimension), (v) non-
linear prediction algorithm.

The Ljapunov exponents illustrate the bounded dy-
namical system’s sensitivity on initial conditions [1—
6]. Positive Ljapunov exponents of a bounded motion
are considered as evidence of chaos, while negative
exponents suggest a mean reverting behaviour. The
larger the largest positive one-dimensional Ljapunov
exponent, the more chaatic is the dynamical system
and, conversely, the shorter is the time scale of the
system’s predictability. To characterize chaotic be-
haviour of a nonlinear dynamical system, the set of
the one-dimensional Ljapunov exponents is used. If
we have multiple positive one-dimensional Ljapunov
exponents, we have hyperchaos. It requires at least a
four-dimensional state space in the case of afirst order
autonomous differential equation. In two-dimensional
maps we can a so find hyperchaos. Often these dynam-
ical systems depend on abifurcation parameter, and we
can study the transition from chaos to hyperchaos.

Einstein studied the properties of Brownian motion
[7] (Wiener process) and found that the average dis-
tance 1/ ((Ax)2) covered by a particle undergoing ran-
dom collisions is directly proportional to the square-
root of thetime At, i.e,

(4%)2) < (A1)Y2.

Hurst [8] (see also [4,5,9]) generalized Brownian
motion for anomal ous diffusion processes using

{(4%)2) o< (A)"

where H is the Hurst exponent. If H = 1/2, the be-
haviour of the time-seriesis similar to a random walk.
If H < 1/2, thetime series coversless “distance” than
a random walk (i.e., if the time-series increases, it
is more probable that then it will decrease, and vice
versa). Thus values of 0 < H < 0.5 indicate anti-
persistent behaviour. If H > 1/2, the time series covers
more “distance”’ than arandom walk (if the time series
increases, it is more probable that it will continue to
increase). Thusavalue of 0.5 < H < 1 indicates a so-
called persistent behaviour (i.e., one can expect with
increasing certainty as the value moves towards 1 that
whatever direction of change has been current will con-
tinue).

The rescaled range analysis R/S (range/standard
derivation) developed by Hurst [8] provides a sim-
ple tool for analyzing the time series in the form of
a so-called Hurst plot. The Hurst exponent H, which
ranges between 0 and 1, can be derived as the slope
in the Hurst plot, in which In(R/S) is plotted against
InT, where 7 is the time step. Given a time series
X :t=0,1,...,N — 1, the Hurst exponent can be es-
timated [5, 8,9] by taking the slope (x/s) plotted ver-
sus h on alog-log scale. The rescaled range analysis
method computes aratio R/S defined as follows. The
given time series

X={x:t=01,...,.N—1}
is divided into ¢ intervals (boxes) of equa length n.
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Fig. 1. Hurst and Ljapunov exponents as functions of r.

ThusN = /-n. Inthek" box (k=0,1,...,/—1), there
are n elements,

Xj(k>(n) ={xj:j=knkn+l,... kn-14n}.

Thus xﬁk) = Xkn+j- Thelocal fluctuation at the point j

in the k™ box, i.e. (X — (x)h?) is calculated as the
deviation from the mean

-1
W, 1% 0K
(x)ﬁ] ==X
njgbl

in the k™" box. The cumulative departureYr51k> (n) up the
m" point in the k! box (of size n) is calculated next

09 = (n)

- (_”’Oxgk>> ~ (20

J

form=0,1,....n—1andinal k boxes. Therescaed
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range function is defined as

RK ) — maX0§m<n(Yr$1k)(n))_min0§m<n(Yr$1k>(n))
EChaaa 2
s (<9 - ol

fork=0,1,...,/—1. Theaverageof therescaled range
in all boxes with an egual size n is next obtained and
denoted by (R/S). The above computation is then re-
peated for different values of n (and therefore ¢) to pro-
vide a relationship between (R/S) and n. This is ex-
pected to be a power law (R/S) ~ n* if some scaling
range and law exist.

We study two dynamical systems which possess
chaotic and hyperchaotic behaviour depending on a bi-
furcation parameter. We calculate the Hurst exponent
and Ljapunov exponents for the chaotic and hyper-
chaotic domain.

As our example we consider the coupled logistic

map

Xt 41 = Xae (1 —Xat) + (Xt — Xat),
X1 = IXor (1 —Xot) 4 €(Xy — X2t),
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wherer € [3,3.7] and e = 0.06. Hogg and Hubermann
[10] and Meyer-Kress and Haubs [11] have studied
the regular, chaotic and hyperchaotic behaviour of this
coupled map. Depending on the initial values and the
parameter values one can find the following behaviour:
(i) orbits tend to a fixed point, (ii) periodic behaviour,
(iii) quasiperiodic behaviour, (iv) chaotic behaviour,
(v) hyperchaotic behaviour and (vi) X1t and X explode,
i.e, for afinite time the values of xy; and (or) xx tend
to infinity. In the following we do not consider the last
case by choosing the proper initial values. Before cal-
culating the Ljapunov exponents, we run the program
till the transients have been decayed. We use 1000 time
steps for the decay of the transients. Figure 1 shows
the largest one-dimensional 1}, the two-dimensional
Ljapunov exponent A" and the Hurst exponent H. The
second one-dimensional Ljapunov exponent /lé iscal-
culated from A'" = A} + 7). For the calculation of the
Hurst exponent we use the length of the time series
as N = 16384. To test the accuracy we also have used
longer time serieswith N = 32768 and N = 65536. The
Hurst exponent only changed by 0.005. For all values
of r the Hurst exponent is in the range {0,0.5}. To be
anti-persistent is to tend to turn back toward the point
one came from or, in terms of the random walk pic-
ture, to diffuse slower than in the ordinary Brownian
motion. Any increasing trend in the past makes a de-
creasing trend in the future more probable, and vice
versa. In the range {3.2,3.325} we have non-chaotic
behaviour and the Hurst exponent is 0. In the range
{3.325, 3.7} we have non-chaotic, chactic and hyper-

[1] J. M.T. Thompson and H.B. Stewart, Nonlinear Dy-
namics and Chaos. John Wiley, Chichester 1986.

[2] S.Wiggins, Introduction to Applied Nonlinear Dynam-
ical Systems and Chaos. Springer-Verlag, New York
1988.

[3] M. Marek and |. Schreiber, Chaotic Behaviour of
Deterministic Dissipative Systems. Academia, Prague
1991.

[4] W.-H. Steeb, The Nonlinear Workbook, 3rd ed. World
Scientific, Singapore 2005.

[5] J. Feder, Fractals. Plenum Press, New York 1988.

[6] H. Kantz and T. Schreiber, Nonlinear Time Series

W.-H. Steeb and E. C. Andrieu - Ljapunov Exponents, Hyperchaos and Hurst Exponent

chaotic behaviour. We see that for the hyperchaotic
case the Hurst exponent is closer to 0.5 than in the
chaotic case. Thus the Hurst exponent 0 < H < 0.5
means that thereis no trend in the time series extracted
from the system. This is not surprising since even in
the hyperchaotic regime after removing the transients,
the hyperchaotic orbit wanders in a chaotic attractor.
Therefore, thereisno possihility for persistence: an or-
bit point eventually comes closer to some small neigh-
bourhood of any other orbit point. In other words, if
the time-series increases, it is more probable that after
asuitabletimeinterval it will decrease, and vice versa,
which corresponds precisely to the regime character-
izedby 0 <H < 0.5.
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